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1 A Full Description of Descriptors

Associated with the two functions « and § in a chemical graph C = (H,«, 3), we introduce functions ac :
V(E) — (A\ {H}) x (A\ {H}) x [1,3], cs: V(E) = (A\ {H}) x [1,6] and ec : V(E) — ((A\ {H}) x [1,6]) x ((A\
{H}) x [1,6]) x [1, 3] in the following.

To represent a feature of the exterior of C, a chemical rooted tree in 7 (C) is called a fringe-configuration of
C.

We also represent leaf-edges in the exterior of C. For a leaf-edge uv € E((C)) with degcy(u) = 1, we define
the adjacency-configuration of e to be an ordered tuple (a(u), a(v), S(uv)). Define

' 2 f(a,b,m)|a,be A, m e [1,min{val(a), val(b)}]}

as a set of possible adjacency-configurations for leaf-edges.

To represent a feature of an interior-vertex v € V™(C) such that a(v) = a and degc)(v) = d (ie,
the number of non-hydrogen atoms adjacent to v is d) in a chemical graph C = (H,«,3), we use a pair
(a,d) € (A\ {H}) x [1,4], which we call the chemical symbol cs(v) of the vertex v. We treat (a,d) as a single
symbol ad, and define Aq, to be the set of all chemical symbols p =ad € (A\ {H}) x [1,4].

We define a method for featuring interior-edges as follows. Let e = uv € E™(C) be an interior-edge
e = uv € E™(C) such that a(u) = a, a(v) = b and B(e) = m in a chemical graph C = (H, o, 3). To feature
this edge e, we use a tuple (a,b,m) € (A\ {H}) x (A\ {H}) x [1, 3], which we call the adjacency-configuration
ac(e) of the edge e. We introduce a total order < over the elements in A to distinguish between (a,b,m) and
(b,a,m) (a # b) notationally. For a tuple v = (a,b,m), let 7 denote the tuple (b, a, m).

Let e = uv € E™(C) be an interior-edge e = uv € E™(C) such that cs(u) = p, cs(v) = p’ and B(e) = m
in a chemical graph C = (H, o, 8). To feature this edge e, we use a tuple (i, ', m) € Agg X Agg % [1, 3], which
we call the edge-configuration ec(e) of the edge e. We introduce a total order < over the elements in Agq to
distinguish between (u, p/,m) and (¢/, u, m) (p # p') notationally. For a tuple v = (u, u’,m), let 7 denote the
tuple (u/, u, m).

Let m be a chemical property for which we will construct a prediction function 7 from a feature vector f(C)
of a chemical graph C to a predicted value y € R for the chemical property of C.

We first choose a set A of chemical elements and then collect a data set D, of chemical compounds C
whose chemical elements belong to A, where we regard D, as a set of chemical graphs C that represent the
chemical compounds C in D,. To define the interior/exterior of chemical graphs C € D,, we next choose a
branch-parameter p, where we recommend p = 2.

Let A"(D,) C A (resp., A°(D,) C A) denote the set of chemical elements used in the set V*(C) of

interior-vertices (resp., the set V°¥(C) of exterior-vertices) of C over all chemical graphs C € D, and I'"*(D,)



denote the set of edge-configurations used in the set E™(C) of interior-edges in C over all chemical graphs
C € D,. Let F(D;) denote the set of chemical rooted trees v r-isomorphic to a chemical rooted tree in 7 (C)
over all chemical graphs C € D, where possibly a chemical rooted tree 1) € F(D;) consists of a single chemical
element a € A\ {H}.

We define an integer encoding of a finite set A of elements to be a bijection o : A — [1,|Al], where we denote
by [A] the set [1,|A]] of integers. Introduce an integer coding of each of the sets A"(D,), A(D,), I'"(D,)
and F(Dy). Let [a]™ (resp., [a]®¥) denote the coded integer of an element a € A" (D) (resp., a € A™(D,)),
[v] denote the coded integer of an element + in I'™™(D,) and [)] denote an element 1 in F (D).

Over 99% of chemical compounds C with up to 100 non-hydrogen atoms in PubChem have degree at most
4 in the hydrogen-suppressed graph (C). We assume that a chemical graph C treated in this paper satisfies
degc)(v) < 4 in the hydrogen-suppressed graph (C).

In our model, we use an integer mass*(a) = |10 - mass(a) |, for each a € A.

We define the feature vector f(C) of a chemical graph C = (H,«,3) € D to be a vector that consists of
the following non-negative integer descriptors dep;(C), i € [1, K], where K = 14 + |A(D,)| + |[A™(D,)| +
T(D,)] + | F(Ds)| + T

1. depy(C): the number |V (H)| — |Vi| of non-hydrogen atoms in C.
2. dcpy(C): the rank r(C) of C.
3. dcpy(C): the number |V"(C)| of interior-vertices in C.

4. depy(C): the average ms(C) of mass™ over all atoms in C;

i.e., ms(C) = m 2 vev(m) mass™(a(v)).

5. dep;(C), i = 44 d,d € [1,4]: the number dgg(C) of non-hydrogen vertices v € V(H) \ Vi of degree
degc)(v) = d in the hydrogen-suppressed chemical graph (C).

6. dep,(C), i = 8 +d,d € [1,4]: the number dgi'(C) of interior-vertices of interior-degree deggint(v) = d in
the interior C™ = (Vnt(C), E™(C)) of C.

7. dep;(C), i = 124+ m, m € [2,3]: the number bdi"*(C) of interior-edges with bond multiplicity m in C; i.e.,
b (C) & {e € E™(C) | B(e) = m}.

8. dcp;(C), i = 14 + [a]™, a € A™™(D,): the frequency nal™(C) = |V4(C) N V" (C)| of chemical element a

a
in the set V" (C) of interior-vertices in C.

9. dep;(C), i = 14 + |AY(D, )| + [a]®, a € A™(D,): the frequency nag(C) = |V4(C) N V*(C)| of chemical

element a in the set V*(C) of exterior-vertices in C.

10. dep;(C), i = 14 + |[A™(Dy)| + |A™(Dy)| + [7], v € T'(D,): the frequency ec,(C) of edge-configuration
7 in the set E'M*(C) of interior-edges in C.

11. dep;(C), i = 14 + |AY(D,)| + |AX(Dy)| + [T Dy)| + [¥], ¥ € F(Dx): the frequency fey,(C) of fringe-

configuration 1 in the set of p-fringe-trees in C.

12. dep;(C), i = 14 + |AM(D,)| + |AX(Dy)| + [T Dy)| + | F(Dx)| + [v], v € T the frequency acl(C) of

adjacency-configuration v in the set of leaf-edges in (C).



2 Specifying Target Chemical Graphs

Given a prediction function 7 and a target value y* € R, we call a chemical graph C* such that n(z*) = y*

for the feature vector z* = f(C*) a target chemical graph. This section presents a set of rules for specifying

topological substructure of a target chemical graph in a flexible way in Stage 4.

Figure 1: An illustration of a hydrogen-suppressed chemical graph (C) obtained from a chemical graph C with
r(C) = 4 by removing all the hydrogens, where for p = 2, V(C) = {w; | i € [1,19]} and VI"(C) = {u; | i €
[1,28]}.

We first describe how to reduce a chemical graph C = (H, «, ) into an abstract form based on which our

specification rules will be defined. To illustrate the reduction process, we use the chemical graph C = (H, «, 3)

such that (C) is given in Figure 1.

R1

R2

R3

Removal of all p-fringe-trees: The interior H™ = (V(C), E*(C)) of C is obtained by removing
the non-root vertices of each p-fringe-trees C[u] € T(C),u € VI"*(C). Figure 2 illustrates the interior H™
of chemical graph C with p = 2 in Figure 1.

Removal of some leaf paths: We call a u,v-path Q in H™ a leaf path if vertex v is a leaf-vertex
of H™ and the degree of each internal vertex of @ in H™ is 2, where we regard that @ is rooted at
vertex u. A connected subgraph S of the interior H™ of C is called a cyclical-base if S is obtained
from H by removing the vertices in V(Q,) \ {u},u € X for a subset X of interior-vertices and a set
{Qu | u € X} of leaf u, v-paths @,, such that no two paths @Q,, and @, share a vertex. Figure 3(a) illustrates
a cyclical-base S = H™ — [J,cx(V(Qu) \ {u}) of the interior H™ for a set {Qu; = (us5,u24), Qu;s =

(u1g, uos, Uag, U27), Quyy = (u22,u28)} of leaf paths in Figure 2.

Contraction of some pure paths: A path in S is called pure if each internal vertex of the path is
of degree 2. Choose a set P of several pure paths in S so that no two paths share vertices except for
their end-vertices. A graph S’ is called a contraction of a graph S (with respect to P) if S is obtained
from S by replacing each pure u,v-path with a single edge a = uv, where S’ may contain multiple edges
between the same pair of adjacent vertices. Figure 3(b) illustrates a contraction S’ obtained from the
chemical graph S by contracting each uv-path P, € P into a new edge a = wv, where a1 = ujug,as =
ujus, a3 = uqur,as = ujpu1l and as = ujjuiz and P = {P,, = (ui, w13, u2), Poy, = (u1,u14,us), Pay =

(g, w15, w16, u7), Pay, = (u10, w17, 18, w19, U11), Pay = (w11, u20, U21, u22, u12) } of pure paths in Figure 3(a).
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(a) A cyclical-base S of Hnt (b) A contraction S’ of S

Figure 3: (a) A cyclical-base S = H™ — Une fus,uis,ue} (V(Qu) \ {u}) of the interior H™ in Figure 2; (b) A
contraction S’ of S for a pure path set P = {Py,, Pa,, .-, Pas } in (a), where a new edge obtained by contracting
a pure path is depicted with a thick line.

We will define a set of rules so that a chemical graph can be obtained from a graph (called a seed graph
in the next section) by applying processes R3 to Rl in a reverse way. We specify topological substructures
of a target chemical graph with a tuple (G, oint, 0ce) called a target specification defined under the set of the

following rules.

Seed Graph

A seed graph Gc = (Vo Ec) is defined to be a graph (possibly with multiple edges) such that the edge set E¢

consists of four sets E(>9), E(>1), E(o/1) and E_), where each of them can be empty. A seed graph plays a role

of the most abstract form S’ in R3. Figure 4(a) illustrates an example of a seed graph G¢ with r(G¢) = 5, where

Vo = {u1,ug, ..., u12,u2s}, Eg) = {a1,a2,...,a5}, E>1) = {as}, E/1) = {ar} and E_y) = {as, ag, ..., a16}-
A subdivision S of G is a graph constructed from a seed graph G¢ according to the following rules:

- Each edge e = uv € E(>9) is replaced with a u,v-path P of length at least 2;

4
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Figure 4: (a) An illustration of a seed graph G¢ with r(G¢) = 5 where the vertices in Vi are depicted with gray
circles, the edges in F(>o) are depicted with dotted lines, the edges in F(>) are depicted with dashed lines, the
edges in E(g/1) are depicted with gray bold lines and the edges in E_;) are depicted with black solid lines; (b)
A set F = {t1,¢9,...,130} C F(D ) of 30 chemical rooted trees 1);,4 € [1,30], where the root of each tree is

depicted with a gray circle, where the hydrogens attached to non-root vertices are omitted in the figure.

- Each edge e = uv € E(>) is replaced with a u,v-path P, of length at least 1 (equivalently e is directly used
or replaced with a u,v-path P, of length at least 2);

- Each edge e € F(y/1) is either used or discarded, where F(y,1) is required to be chosen as a non-separating
edge subset of E(G¢) since otherwise the connectivity of a final chemical graph C is not guaranteed; r(C) =

1(Gc) — |E'| holds for a subset E' C E/1) of edges discarded in a final chemical graph C; and
- Each edge e € E(_y) is always used directly.

We allow a possible elimination of edges in E(g/q) as an optional rule in constructing a target chemical graph
from a seed graph, even though such an operation has not been included in the process R3. A subdivision S
plays a role of a cyclical-base in R2. A target chemical graph C = (H, a, ) will contain S as a subgraph of the

interior H™™ of C.

Interior-specification

A graph H* that serves as the interior H'™ of a target chemical graph C will be constructed as follows. First
construct a subdivision S of a seed graph G¢ by replacing each edge e = uu' € E(>9) U E(>1) with a pure
u,u/-path P,. Next construct a supergraph H* of S by attaching a leaf path @, at each vertex v € V¢ or at
an internal vertex v € V(Pe) \ {u,u'} of each pure u,u'-path P, for some edge e = uu' € E(>2) U E(>1), where
possibly @, = (v), E(Q,) = 0 (i.e., we do not attach any new edges to v). We introduce the following rules for
specifying the size of H*, the length |E(FP,)| of a pure path P., the length |E(Q,)| of a leaf path @,, the number
of leaf paths @), and a bond-multiplicity of each interior-edge, where we call the set of prescribed constants an

interior-specification oipng:

- Lower and upper bounds nlﬁlf%, n{‘}]% € Z4 on the number of interior-vertices of a target chemical graph C.



- For each edge e = uu' € E(>9) U E(>y),
a lower bound /15(e) and an upper bound fyg(e) on the length |E(P.)| of a pure u,u'-path P.. (For a
notational convenience, set ¢rg(e) := 0, fyp(e) :==1,e € E/1) and lip(e) :=1,lyg(e):=1,e€ E(zl).)
a lower bound blpg(e) and an upper bound blyg(e) on the number of leaf paths @, attached at internal
vertices v of a pure u, v'-path P,.

a lower bound chyp(e) and an upper bound chygp(e) on the maximum length |E(Q,)| of a leaf path @,
attached at an internal vertex v € V(P,) \ {u, '} of a pure u,u'-path P,.

- For each vertex v € V¢,

a lower bound chyp(v) and an upper bound chyg(v) on the number of leaf paths @, attached to v, where
0 < chpp(v) < chyp(v) < 1.
a lower bound chyp(v) and an upper bound chyg(v) on the length |E(Q,)| of a leaf path @, attached to v.
- For each edge e = uv' € E¢, a lower bound bd,, ,5(e) and an upper bound bd,, ug(e) on the number of
edges with bond-multiplicity m € [2, 3] in u, u’-path P, where we regard P, e € E/1)U E(=1) as single edge
e.

We call a graph H* that satisfies an interior-specification o, a oy -extension of Gg, where the bond-

multiplicity of each edge has been determined.

Table 1 shows an example of an interior-specification iy to the seed graph G¢ in Figure 4.

Table 1: Example 1 of an interior-specification ojy.

int int

ni'y = 20 ‘ nyp = 28

Uy U2 U3 U4 U5 U UT UL U9 U0 Ul U2 U2

| oo | O
| oo | O

= oo
(=N Nl Nen
= oo

ay a2 a3 a4 a5 as ay ag ag ajp ai; a2 a3 a4 aly a1 aA17

olo|l=|o
oo || O
olo|o|o
RO O
oo | o O
oSO || O
el el el Hen]
[enll Nen )l el en]
oo |Oo| O
o|lo|o|o
|||
oSO |o| O
oo |Oo| O
OO |Oo| O
olo|o|o
(el el el en]

Figure 5 illustrates an example of an ojyi-extension H* of seed graph G¢ in Figure 4 under the interior-

specification oy, in Table 1.



Figure 5: An illustration of a graph H* that is obtained from the seed graph G¢ in Figure 4 under the interior-
specification oy in Table 1, where the vertices newly introduced by pure paths P, (resp., by leaf paths Q.,)

are u1s, Uid, . . . , uge depicted with white squares (resp., uas, ua4, . . ., ugg depicted with white circles).

Chemical-specification

Let H* be a graph that serves as the interior H™ of a target chemical graph C, where the bond-multiplicity
of each edge in H* has be determined. Finally we introduce a set of rules for constructing a target chemical
graph C from H* by choosing a chemical element a € A and assigning a p-fringe-tree 1 to each interior-vertex
v € V" We introduce the following rules for specifying the size of C, a set of chemical rooted trees that are
allowed to use as p-fringe-trees and lower and upper bounds on the frequency of a chemical element, a chemical

symbol, and an edge-configuration, where we call the set of prescribed constants a chemical specification oce:

- Lower and upper bounds nyp,n* € Z; on the number of vertices, where niﬁlf% < ng <n*.

- Subsets F(v) € F(Dz),v € Vo and Fg C F(D;) of chemical rooted trees ¢ with ht((¢)) < p, where we
require that every p-fringe-tree C[v] rooted at a vertex v € Vi (resp., at an internal vertex v not in Vi) in
C belongs to F(v) (resp., Fg). Let F* := Fg Uy, F(v) and A denote the set of chemical elements

assigned to non-root vertices over all chemical rooted trees in F*.

- A subset A C A"(D,.), where we require that every chemical element a(v) assigned to an interior-vertex
v in C belongs to A™™. Let A := A" U A® and na,(C) (resp., nal*(C) and nag(C)) denote the number of

vertices (resp., interior-vertices and exterior-vertices) v such that a(v) = a in C.

- A set Aidrg C A x [1,4] of chemical symbols and a set '™ C I'™(D,) of edge-configurations (u, i, m) with
p < ', where we require that the edge-configuration ec(e) of an interior-edge e in C belongs to I'™*. We do

not distinguish (i, ¢/, m) and (g, pw, m).

- Define T2 to be the set of adjacency-configurations such that I'' := {(a,b,m) | (ad,bd’,m) € T'™}. Let

ac

acl(C),v € Il denote the number of interior-edges e such that ac(e) = v in C.

- Subsets A*(v) C {a € A™ | val(a) > 2}, v € Vo, we require that every chemical element a(v) assigned to a
vertex v € Vi in the seed graph belongs to A*(v).

- Lower and upper bound functions napg,nayp : A — [1,n*] and naiﬁ‘é, na%l]% : A" — [1,n*] on the number of

interior-vertices v such that a(v) = a in C.



- Lower and upper bound functions nsiﬁ‘]g, nsi{ﬁ% : Ag‘g — [1,n*] on the number of interior-vertices v such that

cs(v) = p in C.

- Lower and upper bound functions acf‘é,ac%l]% : Tint 5 7, on the number of interior-edges e such that

ac(e) = v in C.

- Lower and upper bound functions ecl™, ecitt : '™ — 7. on the number of interior-edges e such that

ec(e) = in C.

- Lower and upper bound functions ferp, fcyp : F* — [0,n*] on the number of interior-vertices v such that
C[v] is r-isomorphic to 1 € F* in C.

- Lower and upper bound functions ac}fB,acléB : T — [0,n*] on the number of leaf-edges uv in acc with

adjacency-configuration v.

We call a chemical graph C that satisfies a chemical specification o¢e a (Oint, 0ce)-extension of G¢, and
denote by G(Gc, Oint, 0ce) the set of all (oing, 0ce)-extensions of Gc.

Table 2 shows an example of a chemical-specification o, to the seed graph G¢ in Figure 4.

Figure 1 illustrates an example C of a (oint, 0ce)-extension of G¢ obtained from the ojy-extension H* in
Figure 5 under the chemical-specification o¢. in Table 2. Note that r(C) = r(H*) = r(G¢) — 1 = 4 holds since
the edge in E gy is discarded in H*.

3 Test Instances for Stages 4 and 5

We prepared the following instances (a)-(d) for conducting experiments of Stages 4 and 5 in Phase 2.

In Stages 4 and 5, we use five properties 7 € {Hc, VD, OpTR, IHCL1Q, Vis} and define a set A(w) of
chemical elements as follows:

A(Hc) = {H,C,N,0,S2),5(),C1},  A(VD) = {H,C,N,0,N,CL,P(5),P(5},

A(OPTR) = {H,C,N,0,8(9),F},  A(IncLiq) = {H,C,N,0,S(9),S(),C1} and

A(Vis) = {H,C,0,81i}.
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Figure 6: (i) Seed graph G¢, for I and I4; (ii) Seed graph G% for IZ; (iii) Seed graph G%, for I; (iv) Seed graph
G’é for If;.

(a) I, = (Gg, Oint, 0ce): The instance introduced in Appendix 2 to explain the target specification. For each
property m, we replace A = {H,C,N,0,8(3),S(),P(5)} in Table 2 with A(7) N {S(2),S(6), P(5)} and remove
from the o¢e all chemical symbols, edge-configurations and fringe-configurations that cannot be constructed

from the replaced element set (i.e., those containing a chemical element in {S(2), (), P(5)} \ A(T)).

(b) I} = (G&, 08, 0k), i =1,2,3,4: An instance for inferring chemical graphs with rank at most 2. In the

four instances Ié, i =1,2,3,4, the following specifications in (oiut, 0ce) are common.



Table 2: Example 2 of a chemical-specification .

nyB = 30, n* = 50.

branch-parameter: p = 2

Each of sets F(v),v € Vo and Fg is set to be
the set F of chemical rooted trees ¢ with ht({¢)) < p = 2 in Figure 4(b).

A= {H, C,N,0, S(Q), S(6)7 P= P(5)} Aglgt = {02, C3,C4,N2,N3, 02, S(2)2, S(6)37 P4}

rint |y =(c,¢,1),1,=(C,C,2),v13=(C,N,1),v4=(C,0,1),v5=(C, S2), 1), 6= (C, 8, 1),v7=(C,P, 1) ‘

rint | 4 =(€2,C2,1),72=(C2,C3,1),73=(C2,C3,2),714=(C2,C4,1),75=(C3,C3,1),v6 = (C3,C3, 2),
v7=(C3,C4,1), v =(C2,N2,1),v9=(C3,N2,1),710=(C3,02,1), 711 =(C2,C2,2),712=(C2,02,1),
Y13 =(C3,N3,1), 714=(C4,8(2)2,2), 715 =(C2,8(6)3,1), 716 = (C3,S(6)3, 1), 717=(C2, P4, 2),
~v18=(C3,P4,1)

’ A*(uy) = A*(ug) = {C,N}, A*(ug) = {C,0}, A*(u) = {C}, u € Vo \ {u1,us,ug} ‘

H C N 0 Sg Sg P C N 0 Sg Sg P
nagp(a) (40 27 1 1 0 0 Oflna%@ |9 1 0 0 0 0
nayp(a) | 65 37 4 8 1 1 1|/ nal®(a)|23 4 5 1 11
C2 C3 C4 N2 N3 02 S(2)2 S(6)3 P4
ns’s (1) 5 0 0 0 0 0 0 0
nsih (1) 5 2 2 3 5 1 11
h V2 V3 V4 Vs Ve V7
ac®(»)| 0 0 0 0 0 0 0
ach(v) [30 10 10 10 1 1 1
Y12 Y3 Y4 Y% Ye Yt Y8 Y9 Y10 Y11 Y12 Y13 Y14 Y15 Y16 V1T Y18
ec(vy/0 0 0O 0O O O O O O O O O 0O 0 O O 0 O
eclb(vy) |4 15 4 4 10 5 4 4 6 4 4 4 2 2 2 2 2 2
ey |i=1,6,11} e F*\{¢;|i=1,611}
ferp(v) 1 0
fey () 10 3
ve{(c,c,1),(cc,2)} vellf\{(c,c1),(cc,2)}
acls(v) 0 0
acts (v) 10 8

Set A := A(m) for a given property = € {Hc, Vb, OpTR, IHCL1Q, Vis}, set Aidlg to be the set of
all possible symbols in A x [1,4] that appear in the data set D, and set I'"* to be the set of all
edge-configurations that appear in the data set D,. Set A*(v) := A, v € V.

The lower bounds /1, blyp, chyp, bda 1B, bds 1B, nays, naiﬁg, nsiﬁg, aciﬁg, eciﬁlf% and aCEB are all set
to be 0.

The upper bounds fyg, blyg, chyg, bdz uys, bds us, nays, nai[}l]%, nsi{]‘]%, aci{}fg, eci{}fg and aC%B are all
set to be an upper bound n* on n(G*).

For each property , let F(D;) denote the set of 2-fringe-trees in the compounds in D, and select
a subset Fi: C F(D,) with |Fi| = 45 — 5i, i € [1,5]. For each instance I}, set Fg := F(v) := FL,
v € Vg and fepg(v) := 0, feyp () := 10,9 € FL.



(a) C4: CID 24822711 (b) Cp: CID 59170444 (c) C4: CID 10076784 (d) Cp: CID 44340250

Figure 7: An illustration of chemical compounds for instances I, and I4: (a) C4: CID 24822711; (b) Cp:
CID 59170444; (c) C4: CID 10076784; (d) Cp: CID 44340250, where hydrogens are omitted.

Instance Ié is given by the rank-1 seed graph Gé in Figure 6(i) and Instances If), 1t = 2,3,4 are given by
the rank-2 seed graph Gk, i = 2,3,4 in Figure 6(ii)-(iv).

(i) For instance Ikl), select as a seed graph the monocyclic graph Gt = (Vo, B¢ = E>9) U E(Zl)) in
Figure 6(i), where Vo = {u1, us}, E>9) = {a1} and E(>1) = {az}. Set nj’ := 5, n{}}; := 15, n1p := 35
and n* := 38. We include a linear constraint £(a;) < ¢(az) and 5 < ¢(a1) + ¢(a2) < 15 as part of the

side constraint.

(ii) For instance I?, select as a seed graph the graph G% = (Vo, E¢ = E>9)UE>1)UE(—y)) in Figure 6(ii),
where Vo = {u1,uz,us3,us}, Eso) = {a1,a2}, E>1y = {as} and E_y) = {as,as}. Set nj} :=
25, 0%, := 30,npp = 45 and n* := 50. We include a linear constraint ¢(a1) < €(az) and £(a1) +
L(ag) + £(a3) < 15.

(iii) For instance I}, select as a seed graph the graph G¢, = (Vo E¢ = E(>9)UE(>1)UE(_1)) in Figure 6(iii),
where Vo = {u1,uz, u3,us}, Eg) = {a1}, E1y = {ag,a3} and E_y) = {a4,a5}. Set nj’f :=
25, 0%, = 30, np := 45 and n* := 50. We include linear constraints ¢(a1) < ¢(az2) + £(a3), £(az) <
l(a3) and l(ay) + £(ag) + £(a3) < 15.

(iv) For instance I}, select as a seed graph the graph G¢, = (Vo, E¢ = E>9)UE(>1)UE—y)) in Figure 6(iv),
where Vo = {u1,ug,u3, us}, E>1y) = {a1,a2,a3} and E_y) = {ag,as}. Set nffy := 25, n{jy :=
30,nB := 45 and n* := 50. We include linear constraints E(ag) < L(a1) + 1, L(a2) < L(a3) + 1,
l(ar) < L(a3) and £(ay) + £(az2) + £(a3) < 15.

We define instances in (¢) and (d) in order to find chemical graphs that have an intermediate structure of
given two chemical cyclic graphs G4 = (Hy = (Va,E4),a4,84) and G = (Hp = (Vp,EB),ap,Bp). Let
Al and Aid“gﬁ 4 denote the sets of chemical elements and chemical symbols of the interior-vertices in G4, '}t
denote the sets of edge-configurations of the interior-edges in G4, and F4 denote the set of 2-fringe-trees in
G 4. Analogously define sets A, Aglgt 5 '8t and Fp in Gp.

(¢) I. = (G¢, Oint, 0ce): An instance aimed to infer a chemical graph GT such that the core of GT is equal to
the core of G4 and the frequency of each edge-configuration in the non-core of GT is equal to that of Gp.
We use chemical compounds CID 24822711 and CID 59170444 in Figure 7(a) and (b) for G4 and Gp,
respectively.

Set a seed graph Go = (Vo, Ec = E(=1)) to be the core of G 4.
Set A := {H,C,N,0}, and set Alnt to be the set of all possible chemical symbols in A x [1,4].

10



Set I'nt ;= Tint Yy Pt and A*(v) == {aa(v)}, v € Vo
Set ni% := min{n™ (G 4),n™(Gp)}, 0l := max{n'™(G4),n™(Gp)},
nig = min{n(G4),n(Gp)} — 10 and n* := max{n(Ga),n(Gp)} + 5.

int int int

Set lower bounds /1,5, blyg, chip, bda 1,8, bd3 1B, nay, najy, nsiy, acty and ac g to be 0.

Set upper bounds £yg, blyg, chug, bda ug, bds g, nayp, nalll, nsith acllt and acily to be n*.

Set ecl’§ () to be the number of core-edges in G4 with v € I'™ and ecijy(7) to be the number interior-
edges in G4 and Gp with edge-configuration .
Let F g ), p € [1,2] denote the set of chemical rooted trees r-isomorphic p-fringe-trees in Gp;

Set Fr = F(v) = FD UFP, v e Vo and ferp (i) := 0, feyp(v) == 10,9 € F) U FP.

Iy = (GC, Oint, Oce): An instance aimed to infer a chemical monocyclic graph G such that the frequency
vector of edge-configurations in G is a vector obtained by merging those of G4 and G. We use chem-
ical monocyclic compounds CID 10076784 and CID 44340250 in Figure 7(c) and (d) for G4 and Gp,
respectively. Set a seed graph to be the monocyclic seed graph Gt = (Vo, Ec = E>9) U E(>1)) with
Vo = {u1,u2}, E>9) = {a1} and E(>1) = {az} in Figure 6(i).

Set A := {H,C,N,0}, Al¥ := AR’ , UALY 5 and T™ := T} UTE".

Set it := min{n™ (G 4),n™(Gp)}, 0¥ := max{n™(G4),n™(Gp)},

np = min{n(G4),n(Gp)} and n* := max{n(Ga),n(Gp)}.

Set lower bounds f1,5, bly,g, chrg, bda 1,8, bd3 1B, narg, na}f‘}g, ns}f‘}g, ac}?}g and ac g to be 0.

Set upper bounds /yg, blyg, chyg, bds us, bds u, nays, nahB, ns{_?ltg, aclf}fg and acUB to be n*.
For each edge-configuration v € I let x% (™) (resp., 2’3(7'™)) denote the number of interior-edges

with v in G4 (resp., Gg), v € '™ and set

Zn(7) = min{z4 (1), 25 (1)}, Thax(1) = max{a (1), 25 (1)}

eclth (7) 1= |(3/4)0n(7) + (1/4) (7)) and

ekt (1) = [(1/ 40 (1) + (3/4) 27 ()]

Set Fg := .7:( ) = FAUFp, v € Vo and fCLB(w) = vaCUB(w) :=10,¢ € F4 U Fp.

We include a linear constraint £(a;) < £(a2) and 5 < ¢(a1) + ¢(a2) < 15 as part of the side constraint.

4 All Constraints in an MILP Formulation for Chemical Graphs

We define a standard encoding of a finite set A of elements to be a bijection o : A — [1,|Al|], where we denote

by [A] the set [1,]A]] of integers and by [e] the encoded element o(e). Let € denote null, a fictitious chemical

element that does not belong to any set of chemical elements, chemical symbols, adjacency-configurations and

edge-configurations in the following formulation. Given a finite set A, let A, denote the set AU {e} and define
a standard encoding of A, to be a bijection o : A — [0, |A|] such that o(e) = 0, where we denote by [A] the set

[0, |A]] of integers and by [e] the encoded element o(e), where [¢] = 0.

Let 0 = (Ge, 0int, 0ce) be a target specification, p denote the branch-parameter in the specification o and

C denote a chemical graph in G(G¢, Tint, Oce)-

4.1

Selecting a Cyclical-base

Recall that

By ={e€ Ec|lip(e) =Llur(e) =1} E) = {e € Ec | tup(e) = 0,lus(e) = 1}
E(zl) = {8 € Ec ’ ELB(e) 1,0y ( ) > 2}, E(zg) = {6 € Ec | 6]_,]3(6) > 2};

11



- Every edge a; € E(_y) is included in (C);
- Each edge a; € E(g) is included in (C) if necessary;

- For each edge a; € E(>9), edge a; is not included in (C) and instead a path

_ C T T T C
B—(’U tail(i), V" j—1,V g5 U i, U head(i))

of length at least 2 from vertex /Uctaﬂ(i) to vertex vchead(i) visiting some vertices in Vi is constructed in (C);

and

- For each edge a; € E(>y), either edge a; is directly used in (C) or the above path P; of length at least 2 is

constructed in (C).

Let tc = |Vc| and denote Vi by {vC; i € [1,tc]}. Regard the seed graph G¢ as a digraph such that each

edge a; with end-vertices v©;

j and v© ;¢ is directed from v© j to v© ;» when j < j'. For each directed edge a; € Ec,
let head () and tail(i) denote the head and tail of e“(3); i.e., a; = (Uctaﬂ(i),vchea’d(i)).
Define

ko £ |Es2) U By, ko 2 B2,

and denote Ec = {a; | i € [I,mc]}, B2y = {ax | k € [Lkc]}, By = {ar | k € [ke + 1,kc]}, By = {ai |
i € [kc + 1, ke + |Eo/ll} and E—yy = {a; | i € [kc +|Eo/1)| +1,mc]}. Let I—;) denote the set of indices i of
edges a; € E(—1). Similarly for I(g/1), I(>1) and I(>9).

To control the construction of such a path P; for each edge ay € E(>9)UFE(>1), we regard the index k € [1, kc]
of each edge ap € E(>2) U E(>1) as the “color” of the edge. To introduce necessary linear constraints that can
construct such a path P, properly in our MILP, we assign the color k to the vertices vTj_l, vTj, ey vTj+t in
Vr when the above path Py is used in (C).

For each index s € [1,t¢], let Ic(s) denote the set of edges e € E¢ incident to vertex v, and E( 1)( s)
(resp., E_ 1)(s)) denote the set of edges a; € E(_) such that the tail (resp., head) of a; is vertex v©,. Similarly
for E(O/l)( S), E(B/l)(s), Eél)(s), E(_Zl)(s), Eéz)(s) and E(_EZ)(S) Let I¢(s) denote the set of indices i of edges
a; € Ic(s). Similarly for I(+=,1V)(S)’ I(;l)(s), I(+0/1)(8)7 I(B/l)(s), I(J“Zl)( s), I(;l)( s), 1&2)( s) and I(>2)( s). Note that
[1,kc] = I(>2) U (>1) and [kc + 1,mc] = [>1) U Lg/1) U (=)

constants:

- to = |Vel, ke = |Ey)l, ke = |EsgUEE|, tr = il —|Ve|, me = |Ec|. Note that a; € Ec\ (E2)UE>1))
holds i € [kc + 1, mc];

- lip(k), bus(k) € [1,t1], k € [1, kc]: lower and upper bounds on the length of path Py;
- G € [1,mc]: the rank r(G¢) of seed graph Gc;
variables:

- eC(i) € [0,1], i € [1,mc]: e®(i) represents edge a; € Ec, i € [I,m¢] (e€(i) = 1,1 € I—yy; eC(i) = 0,
i € I(>9)) (eC(i) = 1 < edge a; is used in (C));

- vT(i) €10,1], i € [1,t1]: v1(i) = 1 < vertex v is used in (C);

- (i) € [0,1], i € [1,t7 + 1]: €T(i) represents edge e¥; = (v1;_1,vT;) € Er, where ey and eTtTH are
fictitious edges (e'(i) = 1 < edge e%; is used in (C));
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T

- xT(3) € [0,kc], i € [1,t1]: xT (i) represents the color assigned to vertex v'; (x* (i) = k > 0 < vertex v} is

assigned color k; xT(i) = 0 means that vertex v is not used in (C));
- crt(k) € [bup(k) — 1, Lus(k) — 1], k € [1, kc], clr™(0) € [0,r]: the number of vertices v™; € Vi with color ¢;
- 65 (k) €10,1], k € [0,kc]: 0y (k) =1 & x"(i) = k for some i € [1,t7];
- xT(i k) €[0,1],4 € [L,tr], k € [0,kc] (xT(i,k) =1 < xT (i) = k);
- HEQCF (1) € [0,4], i € [1,t¢]: the out-degree of vertex v¥; with the used edges e® in E¢;
- aéég (i) € [0,4], i € [1,t¢]: the in-degree of vertex v®; with the used edges €® in Ec;

- rank: the rank r(C) of a target chemical graph C;

constraints:
rank =rg, — Y (1—e%(i)), (1)
iEI(O/l)
e“(i) =1, i€l y, (2)
(i) =0, clr™(i)>1, i€ g, (3)
(i) + et (i) > 1, ot (d) <ty (1—e%(i), i€ Iy, (4)
— —t . :
Z eC(C) = degC (2)7 Z eC(C) = degC (Z)a Le [lvtc]7 (5>
€15y (DUI g ) ()UI g (3) cef(gl)(i)ul(f)/l)(i)ul(il)(i)
XT(iaO) =1- UT(i)v Z XT(i’ k) = 17 Z k- XT(ivk) = XT(i)v (NS [1vtT]v (6)
ke[0,kc) ke€0,kc)
> XMl k) =clT(k), tr-oy(k) > > XT(6k) > 0] (k), k € [0, kcl, (7)
iE[l,tT} iE[l,tT]
vl (i —1) > vT(3),
ko (0T (i —1) —e"(i) > xT (i —1) = x" (i) > 0" (i — 1) — e (4), i € [2,t]. (8)

4.2 Constraints for Including Leaf Paths

Let tc denote the number of vertices u € Vo such that blyp(u) = 1 and assume that Vo = {u1,uz,...,up} so
that
blug(ui) = 1, i € [1,tc] and blyg(ui) =0, i € [tc + 1, tc].

Define the set of colors for the vertex set {u; | i € [1,tc]} U Vr to be [1,cp] with
cp 2tc+tr=|{u; | i€ [l tc]} UVl

Let each vertex vC;, i € [1,t¢] (resp., v7; € Vi) correspond to a color i € [1,cp] (vesp., i +tc € [1,cp]). When

a path P = (u,v";,0%41,.. ., 0 44) from a vertex u € Vo U Vi is used in (C), we assign the color i € [1, cp] of
the vertex u to the vertices vFj, vFj+1, e ,vFj+t € V.
constants:
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- ¢p: the maximum number of different colors assigned to the vertices in Vy;

- n*: an upper bound on the number n(C) of non-hydrogen atoms in C;

- niﬁg, ni{ﬁg € [2,n*]: lower and upper bounds on the number of interior-vertices in C;

C.
V43

p-branches in the trees rooted at internal vertices of a pure path P for an edge ay € E>1) U E(>9);

variables:

int int _int 1. ; : ; : .
- n&' € [nf’s, np): the number of interior-vertices in C;

- ¥ (i) € 0,1], i € [1,tg]: vF (i) = 1 & vertex v¥; is used in C;
- e¥(i) € [0,1], i € [1,tp + 1]: eF(i) represents edge e; = vF;_j0F;, where e

ef'(i) =1 < edge €} is used in C);

- xF(i) € [0,cr], i € [1,tr]: x¥(i) represents the color assigned to vertex v¥; (x¥(i) = ¢ & vertex v

assigned color c);
- ct¥(e) € [0, tx], ¢ € [0, cp]: the number of vertices v¥; with color ¢;
- 6% (c) € [blLp(c), 1], c € 1, tc): 67 (c) =1 & x"(i) = ¢ for some i € [1,tp);
- 65(c) €[0,1]), c € [tc + 1, cp]: 5 (c) =1 & x"(i) = ¢ for some i € [1, tp);

- xF(i,e) €[0,1], 3 € [1,tp], c € [0,cr]: XF(i,¢) =1 & xF'(i) =¢

blrp(i) € [0,1], i € [1,tc]: alower bound on the number of leaf p-branches in the leaf path rooted at a vertex

blig(k), blus(k) € [0,fu(k) — 1], k € [1,kc] = [(>2) U I(>1): lower and upper bounds on the number of leaf

1 and eFtFH are fictitious edges

Fi is

- bl(k,i) € [0,1], k € [1,kc] = I>9) U 1), i € [1,t7]: bl(k,i) = 1 < path P contains vertex v'; as an

internal vertex and the p-fringe-tree rooted at v™'; contains a leaf p-branch;

constraints:
XF(ZaO) =1- UF(i)7 Z XF(i,C) =1, Z c- XF(’i,C) = XF(i)7 (S [LtF]a
c€[0,cr] c€[0,cr]

Z XF(i,C) = ClI‘F(C), tp - 65(6) = Z XF(iaC) = 65(6)7 ce [Och]a

1€[1,tr] 1€[1,tr]
(1) =e(tp+1) =0,
(i — 1) > 0" (4),

p - (0F (i — 1) — eF (1)) 2 xF(i = 1) = XF(3) > vF (i — 1) — ¢F (i), i (20,

bl(k, i) > 6y (tc +i) + x" (i, k) — 1, ke[l kal,i € [L,tr),
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S bk < Y dF (e +i), (14)

kE[l,kcLiG[l,tT] iG[l,tT]
blup(k) < Y bl(k,i) <blus(k), ke [1,kc], (15)
1€[1,t7]

to+ > vt + Y vF(i) =ng" (16)

1€[1,t7] 1€[1,tr]

4.3 Constraints for Including Fringe-trees

Recall that F(D;) denotes the set of chemical rooted trees 1 r-isomorphic to a chemical rooted tree in 7 (C)
over all chemical graphs C € D,, where possibly a chemical rooted tree 1) € F(D;) consists of a single chemical
element a € A\ {H}.

To express the condition that the p-fringe-tree is chosen from a rooted tree C;, T; or F;, we introduce the

following set of variables and constraints.

constants:
int .

- nig: a lower bound on the number n(C) of non-hydrogen atoms in C, where nig,n* > nj'y;

- chrp(?),chyg(i) € [0,n*], i € [1,¢7]: lower and upper bounds on ht((7;)) of the tree T; rooted at a vertex

C.
V43

- chpp(k),chup(k) € [0,n*], k € [1,kc] = I(>9) U I(>1): lower and upper bounds on the maximum height
ht((T)) of the tree T' € F(Py) rooted at an internal vertex of a path Py for an edge ax € E>1) U E(>2);

- Prepare a coding of the set F(D;) and let [1)] denote the coded integer of an element ¢ in F(D,);
- Sets F(v) € F(Dy),v € Vo and Fg C F(D;) of chemical rooted trees T with ht(7") € [1, pl;
- Define 7* :={J, ¢y, F(v) U FE, FC = F@%), i € [1,tc], FL := Fr, i € [I,tr] and FF := Fp, i € [1,tp];

- fepp(¥), feus(v) € [0,n*],¢ € F*: lower and upper bound functions on the number of interior-vertices v

such that C[v] is r-isomorphic to v in C;
- FX[pl,p € [1,p],X € {C, T,F}: the set of chemical rooted trees T € F* with ht((T)) = p;
- ng([¢]) € [0,3°],¢ € F*: the number n((¢)) of non-root hydrogen vertices in a chemical rooted tree v;
- htg([¢)]) € [0, p], ¥ € F*: the height ht(()) of the hydrogen-suppressed chemical rooted tree (1);

- deg'([¢)]) € [0,3],% € F*: the number deg,({¥))) of non-hydrogen children of the root 7 of a chemical rooted
tree ;

- deg™([¢]) € [0,3],1 € F*: the number deg,(v)) — deg,((1)) of hydrogen children of the root r of a chemical
rooted tree ;

- Vion(¥) € [-3,43],% € F*: the ion-valence of the root in ;
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acl(y),v € T : the frequency of leaf-edges with adjacency-configuration v in );

acEB,ac{ﬁB : Fgc — [0,n*]: lower and upper bound functions on the number of leaf-edges uv in acc with

adjacency-configuration v;

variables:

ng € [nL,n*]: the number n(C) of non-hydrogen atoms in C;

vX(i) € [0,1],4 € [1,tx], X € {T,F}: vX(i) = 1 & vertex v*; is used in C;

6% (i, [¢]) € [0,1],i € [1,tx],% € FX, X € {C,T,F}: 6X(i,[1]) = 1 & 4 is the p-fringe-tree rooted at vertex
UXZ' in (C;

fe([v]) € [feL(¥), feu(¥)], 1 € F*: the number of interior-vertices v such that C[v] is r-isomorphic to ¢ in
G

ac([v]) € [acl(v), aclly(v)], v € T : the number of leaf-edge with adjacency-configuration v in C;

degS(2) € [0,3],i € [1,tx],X € {C, T,F}: the number of non-hydrogen children of the root of the p-fringe-tree

rooted at vertex vX; in C;

hyddeg®(i) € [0,4], i € [1,tx], X € {C,T,F}: the number of hydrogen atoms adjacent to vertex v%; (i.e.,
hyddeg(vX;)) in C = (H,a, B);

eledegy (i) € [-3,+3], i € [1,tx], X € {C,T,F}: the ion-valence vion(¢) of vertex v=; (i.e., eledegy (i) =
Vion (1) for the p-fringe-tree v rooted at v=;) in C = (H, a, B);

rX(i) € [0,p], i € [1,tx], X € {C, T,F}: the height ht((T)) of the hydrogen-suppressed chemical rooted tree
(T) of the p-fringe-tree T rooted at vertex v™; in C;

o(k,i) € [0,1], k € [1,kc] = I>9) U I>1),7 € [L,t1]: o(k,i) = 1 < the p-fringe-tree T, rooted at vertex
v = vT; with color k has the largest height ht((7,)) among such trees T}, v € V;

constraints:
> o ) =1, i€l tcl,
YeFy
> oG, [W]) = v¥(0), i € [1,tx],X € {T,F}, (17)
peFX

PpeFX
> degt([¢]) - 6% (i, [¥]) = hyddeg™ (@),
YeFE
Z Vion([w}) : 5?(% W]) = eledegX(i% (S [17 tX]vX € {Ca T, F}a (18)
peFk
> OhG[]) = 0 (6) — €M (i+ 1), i € [1,tp] (" (tr +1) = 0), (19)
YeF; [p]
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S ntg([9]) - 5 [0]) = KX, i € [L,tx],X € {C, T, F},

YeFX

o (W) + > vN6) + te =na,

¢EIX ie[lztx}»XE{TaF}
i€[1,tx], XE{C T,F}

i€(1,tx],Xe{C,T,F}

> ack (v) - 6% (i, [Y]) = act([v)),

YeFX ie[l,tx],Xe{C,T,F}

hC(i) > chip(i) — n* -55(1'), clrf (i) 4 p > chyp(4),

hC(i) < chyg(i), clr™(i) + p < chyg(i) +n* - (1 — 6% (i),

ChLB( ) < hc( ) < ChUB( )

hT(i) < chug(k) +n* - (6% (tc +14) + 1 — X" (i, k),
et (tc +4) + p < chys(k) +n* - (2 — 6y (tc + 1) — X" (i, k),

> olk,i) =6} (k),
i€[1,t7]
X' (i k) > ok, i),
h'(i) > chis(k) — n* - (6% (tc + i) + 1 — o (k, 1)),
" (tc +14) + p > chip(k) — n* - (2 = 6% (tc + i) — o(k, 1)),

4.4 Descriptor for the Number of Specified Degree

We include constraints to compute descriptors for degrees in C.

variables:

- deg®(i) € [0,4], i € [1,tx], X € {C,T,F}: the number of non-hydrogen atoms adjacent to vertex v = v,

(i-e., deg(c)(v) = degy(v) — hyddege(v)) in C = (H, a, B);

e Fr,

vert

ac?

1€ [1,tc],

€ [tc + 1,tc],

ke

[17 kCLi € [17 tT]a

ke [1,kc}7

ke

[1,kc],i € [1,tr].

- degor(i) € [0,4], i € [1,tc]: the number of edges from vertex v¥; to vertices vT;, j € [1,tr];

17

(20)

(22)

(23)

(24)

(25)

X



degrc(i) € [0,4], i € [1,tc]: the number of edges from vertices vT;, j € [1,t1] to vertex v%;;

85, (i»d) € 0,1, i € [1,tc], d € [1,4], 63,(i,d) € [0,1], 7 € [1,¢x], d € [0,4], X € {T,F}: 63,(i,d) = 1 &
deg® (i) + hyddeg® (i) = d;

dg(d) € [dgpp(d),dgyp(d)], d € [1,4]: the number of interior-vertices v with degy (vX;) = d in C = (H, o, B);

degi®®(i) € [1,4], i € [1,tc], deglt®(i) € [0,4], i € [1,tx],X € {T,F}: the interior-degree deg i (vX;) in the

interior H'"* = (V"(C), E™(C)) of C; i.e., the number of interior-edges incident to vertex vX;

(i d) €[0,1], i € [1,tc], d € [1,4], 0« (i,d) € [0,1], 7 € [1,tx], d € [0,4], X € {T,F}: dix(i,d) =1 &
degi" (i) = d;

dg™(d) € [dgpp(d),dgyg(d)], d € [1,4]: the number of interior-vertices v with the interior-degree deg gt (v) =
d in the interior H™ = (VIn*(C), E™(C)) of C = (H, a, 3).

constraints:
> oy (k) = deggrp(i), > 5y (k) = degrc (i), i€ [l,tc], (29)
kel&m(i)u[&l)(i) K€L o) (VIS ) (4)

degc (i) + dege (i) + degerp (i) + degre (i ) + 6y (i) = degd* (), i€ [1,tcl, (30)
dege (i) + dege (i) + degerp (i) + degre (i) = deglt'(i), i € [te + 1, tc], (31)
deg8*(i) + deg& (i) = deg®(i), i€ [1,tc), (32)
705G []) > 2 — degl(i) i € [1,tc], (33)

YeFLlpl

20T (1) + 5F(tc + 1) = deg'" (i),
degl" (i) + deg(i) = deg™ (i), i€ [Lt] (7(1) =" (tr +1) = 0), (34)

V(i) + € (i + 1) = degi (i),
degmt( ) +deg ( ) — deg (Z), 1 € [1,tF] (eF(l) = eF(tF + 1) = 0)7 (35)

> 6l d) =1, > d-63,(i,d) = deg™(i) + hyddeg™ (i),

de[0,4] de(1,4]
Y dix(d) =1, Y d- ok (i, d) = deg¥ (i), iel,tx],X e {T,C,F}, (36)
de(0,4] del1,4]
Y SGelid) + D g d) + > (6, d) = dg(d),
i€[l,tc] i€[L,tr] i€[1,tp]
> skl d)+ > Skl d) + > Sp(i,d) = dg™(d), de[1,4]. (37)
i€[ltc] i€[1,tr] i€l tp]
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4.5 Assigning Multiplicity

We prepare an integer variable §(e) for each edge e in the scheme graph SG to denote the bond-multiplicity of

e in a selected graph H and include necessary constraints for the variables to satisfy in H.

constants:

- Be([¢]): the sum By (r) of bond-multiplicities of edges incident to the root r of a chemical rooted tree ¢ € F*;

variables:
- BX(i) €10,3], i € [2,tx], X € {T,F}: the bond-multiplicity of edge eX; in C;
- BC(i) €10,3],i € [%—l—l,mc] = I(>1)Ul(g/1)UI(=1): the bond-multiplicity of edge a; € E(>1)U E /1)U E =)
in C;
- BCT(k), BTC(k) € [0,3], k € [1,kc] = I(>9) U I(>1): the bond-multiplicity of the first (resp., last) edge of the

pure path Py in C;

- BF(c) € [0,3],¢ € [1,cp = tc + tr]: the bond-multiplicity of the first edge of the leaf path Q. rooted at

C T

vertex vC,, ¢ < to or v e—ior C> tc in C;

(i) € [0,4],i € [1,tx], X € {C, T,F}: the sum B¢y (v) of bond-multiplicities of edges in the p-fringe-tree

C[v] rooted at interior-vertex v = v¥;;
- 05 (i,m) € 0,1],4 € [2,tx], m € [0,3], X € {T,F}: 65 (i,m) = 1 & BX(i) = m;
- 8§(i,m) € [0,1], i € [kc,me] = Is1y U1y U L=y, m € [0,3]: 6§ (i,m) =1 & BC() =my

- 5gT(k,m),6gC(k,m) € [0,1], k € [1,kc] = I(>2) U I(>1), m € [0,3]: 5ET(I<:,m) =1 (resp., 5gc(k,m) =1) <
BT (k) = m (resp., BT (k) = m);

55 (e, m) € [0,1], e € [1,er], m € [0,3,X € {C, T}: 55 (e;m) = 1 & 6F(c) = m;
- bd™(m) € [0,2ni%%], m € [1,3]: the number of interior-edges with bond-multiplicity m in C;

- bdx(m) € [0,2nl5],X € {C, T,CT, TC}, bdx(m) € [0,2n{%],X € {F,CF,TF}, m € [1,3]: the number of
interior-edges e € Fx with bond-multiplicity m in C;

constraints:
eC(i) < (i) < 3¢°(i),i € [kc + 1,mc] = I(s1y U Loy U L=y, (38)
X (i) < B(i) < 3e(i), i €[2,x],X € {T,F}, (39)
oy (k) < 89T (k) <387 (K), oy (k) < BTC(k) < 36y (k), k€ [1,kal, (40)
5 (e) < 85 (0) < 367 (), ce 1, el (41)
Z 6?(277’”’) = 17 Z m‘%((%m) :ﬁX(Z)7 (&S [27tX]7X€ {TaF}7 (42)
me[0,3] me[0,3]
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ST 8Sam) =1, S m-653,m) = B°), i € ko + 1,mq), (43)

me(0,3] me|0,3]
> 6§ keom) =1, > m-55"(k,m) =BT (k), ke [1, k],
mel0,3] mel0,3]
> 5Ck,m) =1, > m-6;%(k,m) = pT(k), k€ [1,kcl,
me[0,3] mel0,3]
Z 6E’F(C7m) =1, Z m(SEF(Qm) :B*F(C)a ce [LCF]’ (44)
me[0,3] mel0,3]
> Bel[W]) - o (i, [9]) = BE(5), i €[1,tx],X € {C,T,F}, (45)
peFk
> 85(i,m) =bdc(m), > 85 (i,m) =bdr(m),
z‘e[Eé—H me) i€[2,tr]
> oogT =bder(m), Y 05%(k,m) = bdrc(m),
ke(l,kc) kel,kc)
> 6f(i,m) =bde(m), > & = bdcp(m),
i€[2,tr] ce(l,tc]
> 655 (¢e;m) = bdrr(m),
cE[ZEJrl,cF]
bdg(m) + bdr(m) 4+ bdp(m) + bdcr(m) + bdrc(m) + bdre(m) + bdcr(m) = bd™(m),
m € [1,3]. (46)

4.6 Assigning Chemical Elements and Valence Condition

We include constraints so that each vertex v in a selected graph H satisfies the valence condition; i.e., ¢ (v) =
val(a(v)) + eledegg(v), where eledege(v) = vien(®) for the p-fringe-tree C[v] r-isomorphic to ¢. With these

constraints, a chemical graph C = (H, «, 3) on a selected subgraph H will be constructed.

constants:

- Subsets A" C A\ {H}, A C A of chemical elements, where we denote by [e] (resp., [e]"™ and [e]®¥) of a

standard encoding of an element e in the set A (resp., A" and A™);
- A valence function: val: A — [1,6];

- A function mass* : A — Z (we let mass(a) denote the observed mass of a chemical element a € A, and define

mass*(a) £ |10 - mass(a) |);
- Subsets A*(i) C A™, i € [1,tc];
- narp(a),nayp(a) € [0,n*], a € A: lower and upper bounds on the number of vertices v with a(v) = a;

- nal’ (a),nal’(a) € [0,n*], a € A" lower and upper bounds on the number of interior-vertices v with

a(v) = a;
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- ap([¢)]) € [A®], € F*: the chemical element a(r) of the root r of 9

- naZX([¢]) € [0,n*], a € A*,¢) € F*: the frequency of chemical element a in the set of non-rooted vertices in

1, where possibly a = H

- M: an upper bound for the average ms(C) of mass* over all atoms in C;

variables:
- BYT(4), 8TC(i) € [0,3],i € [1,t7]: the bond-multiplicity of edge e“1;; (resp., 1€, ;) if one exists;
- BCF (i), BT (i) € [0,3],i € [1,tp]: the bond-multiplicity of e“¥;; (resp., eI ;) if one exists;

~ X (i) € [N, 65 [a]™) € [0,1],a € A € [1,1x], X € {C,T,F}: 0X(3) = [ ™ > 1 (resp., aX(i) = 0) &>
6X(i,[a)™) = 1 (resp., 6X(i,0) = 0) & a(vX;) = a € A (resp., vertex vX; is not used in C);

- 6X(i,[a]™) € [0,1],7 € [1,tx],a € AP, X € {C, T,F}: 62(i,[a]") = 1 & a(vX;) = a;
- Mass € Zy: 3 ey ) mass™ (a(v));

-mS € Ry: 32 ey mass™(a(v))/|V(H)J;

- Gatm (i) € [0,1],4 € [nLp + napp(H), n* + nayp(H)]: Sam(i) = 1 & [V(H)| = i;

- na([a]) € [nap(a),nayp(a)], a € A: the number of vertices v € V(H) with a(v) = a, where possibly a = H;

- na™([a]’"*) € [nal%(a),nal(a)], a € A,X € {C,T,F}: the number of interior-vertices v € V(C) with

a(v) = a;

- na$([a]®),na®([a]*) € [0,naygp(a)], a € A, X € {C, T, F}: the number of exterior-vertices rooted at vertices

v € Vx and the number of exterior-vertices v such that a(v) = a;

constraints:

BT (k) — 3(e™ (i) — xT (4, k) + 1) < BOT(6) < BT (k) +3(eT (i) — xT (4, k) + 1), € [1,t7],
BICk) —3(eT(i+1) — x (i, k) + 1) < BTCG) < BTC(k) +3(eT (i + 1) — xT (i, k) + 1),4 € [1,t7),

ke [17 kC]v (47)
B (e) = 3(e" (i) — x"(i,¢) + 1) < BF(0) < BT (c) +3(" (i) — x"(i,¢) +1),i € [, tr], c e [1,tc]
B (e) = 3(e" (i) — xF(i,¢) + 1) < BTF(i) < B*F () + 3(e" (i) — X" (4,¢) + 1),4 € [1,tg], [te +1,cxl,
(48)
> RERE™ =1 Y ™8 ) = %), i€l
acAint acAint
D oon(i, ™) =o%@), > [al™ -6 (i, [&a]™) = o (9), i€ [l,tx], X e {T,F}, (49)
acAint acAint
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Y anl([¥]) - 6 (G [v]) = o™ (@), i€ [1,tx],X € {C,T,F},

> 8°0) > BT (k) + > BT (k)

J€lc(i) k€I<+>2>(z)UI(>1)() k€I o) (DI, (4)
+B*F (i) + B(i) — eledege (i) = Y val(a)dg (i, [a]™), i€ [1,tc,
aEAint
> B°0) > BT (k) + > BTC (k)
J€lc(i) kef(gz)(z)ufm)(z) k€I o (VIS (4)
+B6x(i) — eledege (i) = Y val(a)dg (i, [a]™), i € [to +1,tc],
aEAint

BT (i) + BT (i+1) + BL(4) + BT (i) + BTC(i)

+87F (tc + i) — eledegp (i) = | val(a)d, (i, [a]™),
acAint

e [Ltr] (BY(1) = T (tr +1) = 0),

BY (@) + B7(i+1) + B (D) + 577 ()
+B (i) — eledegp (i) = Y val(a)dg (i, [a]™),

acAint

€ [1,tp] (B"(1) = B (tr + 1) = 0),

Z 5X 1nt _ naX([a]int)7 ac Aint,X c {C,T,F},
i€[1,tx]
> nad () - G (i [p]) = magi (&™), a €A™ X €{C,TF},

nac([a]™) + nar([a]™) + nap([a] ™) = na™([a]™), aeA™,
> nag([a]™) = na™([a]™), a €A™,

Xe{C,T,F}
™ (o) + na([a]") = na([a]), a € AU A
namt([a]mt) = na([a]), ae At \ A%,
na®([a]®) = na([a]), ae A\ At

> oSG [a™) =1, i € [1,tc),
acA* (1)
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Z mass*(a) - na([a]) = Mass, (59)

acA
> Satm (1) = 1, (60)
i€[nyp+narp (H),n*+nayp (H)]
x 6atm(i) =ng + naex([H]eX)’ (61>

i€[nyp+narp(H),n*+nayp (H)]
Mass/i — M - (1 — 0a4m (7)) < msS < Mass/i + M - (1 — 0a4m (7)), ¢ € [nLp + napp(H),n* + nayp(H)].  (62)
4.7 Constraints for Bounds on the Number of Bonds

We include constraints for specification of lower and upper bounds bdyp and bdyg.

constants:

- bdp1B(7), bdym,uB(i) € [O,Di{fg], i € [1,mc], m € [2,3]: lower and upper bounds on the number of edges
e € E(P;) with bond-multiplicity 5(e) = m in the pure path P; for edge e; € Ec;

variables :

- bdr(k,i,m) € [0,1], k € [1,kc], i € [2,t1], m € [2,3]: bdr(k,i,m) =1 < the pure path Py for edge e}, € Ec

contains edge eT; with 3(eT;) = m;

constraints:
bdm,LB(i) < 5g(z,m) < bdm,UB(i),i S I(:l) U ](0/1),777, S [2, 3], (63)
bdr(k,i,m) > 65 (i, m) +x" (i,k) =1, k€ [l,kcl,i€[2,tr],m € [2,3], (64)
> 650,m) > > bdrp(k,i,m), me 23], (65)
je[QvtT] kE[l,k‘c],iE[Q,tT]

bdpm (k) < Y bdr(k,i,m)+ 657 (k,m) + 65 (k,m) < by, us(k),
1€[2,t7]

ke [l,kcl,m e [2,3]. (66)
4.8 Descriptor for the Number of Adjacency-configurations

We call a tuple (a,b,m) € (A\ {H}) x (A\ {H}) x [1, 3] an adjacency-configuration. The adjacency-configuration
of an edge-configuration (u = ad, ' =bd’; m) is defined to be (a,b, m). We include constraints to compute the

frequency of each adjacency-configuration in an inferred chemical graph C.

constants:

- A set I'™ of edge-configurations v = (u, p/, m) with p < p';
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- Let 7 of an edge-configuration v = (u, /', m) denote the edge-configuration (', u, m);
- Let T2 = {(p, i, m) € T | < '}, T2 = {(p, o', m) € T | o= '} and TR = {7 |y € T2

- Let Tint

ac.<> Fgg: and I'™_ denote the sets of the adjacency-configurations of edge-configurations in the sets

ac,>

rint it and 0 respectively;
- Let 7 of an adjacency-configuration v = (a,b, m) denote the adjacency-configuration (b, a,m);

- Prepare a coding of the set T UTI. and let [1]™ denote the coded integer of an element v in T UTI_;

- Choose subsets I'C_ I'T TCT ['TC TF TCF

ac’ - ac’ - ac - ac - ac) - ac ?

['TF C pint It ; To compute the frequency of adjacency-

configurations exactly, set T'C, := I'T := CT .= TTC .= [F .— TCF . TTF ._ pint it
ac® (v), acl®y (v) € [0,2ni18], v = (a,b,m) € I'™: lower and upper bounds on the number of interior-edges

e = uv with a(u) = a, a(v) = b and f(e) = m;
variables:
_ acint([y]int) c [aciﬂl]%(y)’ aci[?]%(y)], Ve Fgét: the number of interior-edges with adjacency-configuration v;

- ace([v]™) € [0,mc],v € TS, acp([p]™) € [0,t1],v € T, acp([V]™) € [0, ], € TE.: the number of edges

ac?

eC € Ec (resp., edges €' € Bt and edges ¢! € Er) with adjacency-configuration v;

- acer([P]™) € [0,min{kc,tr}],v € TS, acre([v]™) € [0,min{ke, tr}],v € ST, acor([v]™) € [0,tc],v €
TS acrp([v]™) € [0,t1],v € TLF: the number of edges e“T € Ecr (resp., edges ¢T¢ € Erc and edges

ac ?

e € Ecp and e™F ¢ Err) with adjacency-configuration v;

ac?

SF (i, V)™ € [0,1],i € [2,tp], v € TE.: 6X (i, [V]™) = 1 & edge €X; has adjacency-configuration v;

- 6C(i, ™) € [0,1),i € [ke + 1,m¢] = Is1y Ulony U2y, v € 1, 6L (i, []™) € [0,1],4 € [2,t1],v € TL,

- 6ST(h, U], 6T (k, V™) € [0,1],k € [L k] = TogyUlnyv € TST: 65T (k. [1]™) = 1 (resp., 6EC(h, [1]™) =

1) < edge eCTtail(k)J‘ (resp., eTChead(k)ﬁj) for some j € [1,t7] has adjacency-configuration v;

- 6SF (¢, [V]™) € [0,1],¢ € [1,ic],v € TSF: 6SF (¢, []™) = 1 & edge e°F.; for some i € [1,tr] has adjacency-

configuration v;

- 6TF (i, [W]™) € [0,1],4 € [1,t7],v € TTF: 6TF(j b)) = 1 < edge e™F, ; for some j € [1,tp] has adjacency-

configuration v;

- a%T(k),a™C(k) € [0,|A™]],k € [1,kc]: a(v) of the edge (v ), v) € Ecr (resp., (v,0%eaaw)) € Erc) if

any;
- a%F(c) € [0,|A™], ¢ € [1,tc]: a(v) of the edge (vC.,v) € Ecy if any;
- aTF(i) € 10,]AY],i € [1,¢7]: a(v) of the edge (v';,v) € Erp if any;

- AGH6), AS (i), € [0,]AM)i € [ke + 1,mc], ALF(), AL () € [0,]AM]],i € [2,tr], ALF(), AL () €
[0, |A™]],i € [2,tr]: AZH(I) = AN (i) = 0 (vesp., AL (i) = a(u) and AY (i) = a(v)) < edge e = (u,v) €
FXx is used in C (resp., eX; ¢ E(Q));

- A§CT+(k)aA§cT_(k) € [07 ‘AintHa ke [1a kC] = 1(22) UI(Zl): AgcT+(k) = ASCT_(k) =0 (resp., ASCT+(k) = a(u)
and ACT (k) = a(v)) < edge QCTtaﬂ(k)’j = (u,v) € Ect for some j € [1,¢7] is used in C (resp., otherwise);
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- ATCH(E), ATC= (k) € [0, |A™], k € [1,kc] = I(>9) U I>1): Analogous with ASTH (k) and AST—(k);

- AT (e) € [0, [AM] AT (o)
AL (e) =

- ATFHG) e o, |AM], ATF=(4) € [0,|A™],i € [1,t7]: Analogous with ASF+(c) and ASF=(c);

constraints:

> ace()™) =

(a,b,m)=velint

> el

(a,b;m)=verit

E acF

(a,b,m)=velint

Z aCCT mt

(a,b,m)=verint

§ : aCTC mt

(a,b,m)=velint

€ [0,]A™]],c € [1tc]: ATF(c)

i€lka+1,mc]

mt Z 5ﬂzm

16[2 tT]

mt Z 5ﬁlm

1€[2,tF]

= > o5

kel,kc)

= Y ¢

ke[l kc]

Z aCCF 1nt Z 5

(a,b,m)=verint

> acre(M) =

(a,b,m)=verint

c€ll, tc}

cEftc+1,cr]
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> 853m),

> 55 (em),

= A () = 0 (resp., AL (o)
a(v)) < edge eCF.; = (u,v) € Ecp for some i € [1,tg] is used in C (resp., otherwise);

v € DI\ TG,
v e I\ T,
v e D\ TE,
v e i\ TOT,
v e D\ TTC,
v e T\ T,
v e T\ TIF,

m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],

m € [1,3],

= a(u) and

(67)

(68)



Yo meS(i ™) = 89,
v=(a,b,m)elS,
AGF@)+ Y [0 ™) = o (tail(d)),
v=(a,b,m)el’S,
AL @)+ Y BMos G, []™) = a®(head (),
v=(a,b,m)el’S,
A () + A5 (0)
> Gl

i€lkc+1,mc]

2JAM(1 — e(0)),

<
™) = acc(lv]™),

> mea M) =87,
l/:(a,b,m)efgc

A+ Y [a™on (i ™) = T (i - 1),

v=(a,b,m)el'L,

As @)+ Y B ™) = (),
v=(a,b,m)el'L,

Agh () + Age (i) < 2]A™|(1 = €T (),

D Gl ™) = acr([p]™),

ze[zatT}

o me o M) = BY),
v=(a,b,m)elL,
ARFG + Y ™ok G ™) = aF (i - 1),
V:(a,b,m)efgc
A @+ D M ) = o (),
v=(a,b,m)€elL,

A (1) + A (i) < 2JA%|(1 = e7(3)),
> Gaeli ™) = acp (™),

1€[2,tp)

@ (i) + [A™(1 = X" (6, k) + €(6) = a“T(k),
a®T(k) > (i) = [A™)(1 = X" (6, k) + e (0)),
> om0t (kM) = BT (),
v=(a,b,m)el'CT
AR+ Y M (R M) = o (tail(R)),
v=(a,b,m)el'CT
AT+ Y BT R ™) = o (k),
v=(a,b,m)el'CT

CT CT— in T
Age (k) + Age (k) < 2JA™|(1 =6y (k)),

Z 5ng(k7 [V]int) = aCCT([V]int)v
kG[l,kc]
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i € [ke +1,mc],

verl®

ac?

1 E [Q,tT],

velt

ac?

1€ [Q,tF],

velt

ac?

1€ [1,75’1“},

ke [1,]430},

vereT

ac

(71)



ol (i) + A" (1= X" (6, k) + e (i + 1)) > a"(k),
aC(k) > o™ (i) — [A|(1 = X" (i, k) + e (i + 1)),
Z m: 5;1;0(k7 [V]int) = BTC(k)7
v=(a,b,m)el'LC
NTERY + D [0 (R []™) = T (R),
v=(a,b,m)el'LC
Ao m(R)+ Y B (k, [ = a%(head(k)),
v=(a,b,m)el'LC

AT (R) + A (k) < 2[A™|(1 = 6y (K)),
Y Gae (B, [V]™) = acto(v]™),

kel,kc)

o (i) + |A™ (1 = X" (6, ¢) + €"(3) = a“F(e),
a(e) = al (i) — [A™)(1 = X" (i, ¢) + € (D)),
> me o (e ™) = BT (),
v=(a,b,m)el'CF
AT @+ D ™ (e, ™) = a®(head(c)),
v=(a,b,m)el'SF
AZT @+ > M (e ™) = o (o),
v=(a,b,m)el'CF
AL (e) + AL () < 2max{[A™], A} (1 - 6 (),
3 6 (e ™) = acce (™),

celL tc)

af (7) + [N (1 = X" (4,0 + ) + €7 (7)) = T (D),
a't(i) 2 a(j) — [AM(1 = X" (5,0 + tc) + €7 (1)),
S me s G ) = 87 (i + o),
v=(a,b,m)el'TF
ARG+ Y M 6@ M) = T (),
v=(a,b,m)el'LF
AT+ Y M ) = (),
v=(a,b,m)el'LF
A (@) + A5 (1) < 2max{ [T [AMH(L - 6 (i + te),
> Gae (@ ™) = acrr(lv]™),

1€[1,t7]

> (acx ([V]™) + acx ([7]™)) = ac™([v]™),

Xe{C,T,F,CT,TC,CF, TF}

S acx(B™) = act (™),

Xe{C,T,F,CT,TC,CF,TF}
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i € [17tT]a

ke [1, kc],
v eTIlc (73)

ac

1€ [1,tp],

ce [1,{(}],

veltr (74)

ac

j € [l,tp],

S [1,tT],

veTyy, (75)

int
Ve Fac7<,

v e rint (76)

ac,="



4.9 Descriptor for the Number of Chemical Symbols

We include constraints for computing the frequency of each chemical symbol in Aggs. Let cs(v) denote the
chemical symbol of an interior-vertex v in a chemical graph C to be inferred; i.e., cs(v) = p = ad € Agy such
that a(v) = a and degc)(v) = degy (v) — deggyd(v) =din C= (H,a,f).

constants:

- A set Aidngt of chemical symbols;

- Prepare a coding of each of the two sets Aid“gt and let [;2]™ denote the coded integer of an element u € Aid“gt;
- Choose subsets Kgg,KdTg,Kng C Agg: To compute the frequency of chemical symbols exactly, set /Nng =
AT ._ AF ._ Aint.
Agy = Mgy = Agys
variables:

- ns™([p]™) € [0,np], p € ARY: the number of interior-vertices v with cs(v) = p;

- 00, [u]™) € [0,1], i € [1,tx], p € A, X € {C, T, F};

constraints:
Dol ™ =1, > [a)™ o []™) = o),
uef\fgu{e} ,u:adef\ffg
> d-aN( ™) = deg™ (i),
u:adexﬁg
S [LtX]vXE {CaTaF}v (77)
>SS ™)+ Y G ™)+ D SE (G []™) = ns™ ([u]™), pe Ay, (78)
i€[1,tc] 1€[1,t7] 1€[1,tr]

4.10 Descriptor for the Number of Edge-configurations

We include constraints to compute the frequency of each edge-configuration in an inferred chemical graph C.

constants:

- A set I'™ of edge-configurations v = (u, i/, m) with p < p';

- Let T2 = {(p, ¢/, m) € T | pp <y}, T = {(p, g/, m) € T | pp = '} and T2 = {(1, p,m) | (p, ', m) €
ret;

- Prepare a coding of the set T'"* U T2 and let [y]™* denote the coded integer of an element ~ in '™ U ¢

- Choose subsets I'C I'T ['CT ['TC ['F T'CF

ecr’—-ecr-ec - ec Y- ecrec )

exactly, set fgc = f;rc = fgcT = f’eFCC = fgc = fSCF = f’eFCF ;= [int y pint,

f;PCF C Tintyrint: To compute the frequency of edge-configurations

- ecit(v), eclih (v) € [0,2n%], v = (u, ¢/, m) € I'™: lower and upper bounds on the number of interior-edges
e = uv with cs(u) = p, cs(v) = ¢/ and B(e) = m;

variables:
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int int

- ec([y]In?) € [eci®t (v), ecliy (v)],v € Tt the number of interior-edges with edge-configuration ;
- eco([y]™) € [0,mc],y € TS, ecp([4]™) € [0,t1],v € TL, ecp([y]™) € [0,tr],v € TE.: the number of edges

eC € Ec (resp., edges €' € Er and edges ' € Ey) with edge-configuration +;

- ecor([y)™) € [0, min{kc, tr}],y € TST, ecrc([y]™) € [0, min{kc, tr}],y € TST, eccr([y]™) € [0,c],~ €
TCF ecrr([y]™) € [0,t1],v € T'EF: the number of edges e“T € Ecr (resp., edges eT¢ € Erc and edges

ec

e®Y € Ecp and €™ € Erp) with edge-configuration ~;

- 5(3:(27 [’Y]int) € [07 1]72 € [];E + 17mC] = I(Zl) U I(O/l) U I(=1)7'7 € fecm 5;1::(27 [’Y]mt) € [07 1]7Z € [27tT]7’7 € feTca
SE (i, [y]™) € [0,1],i € [2,tr],7 € TE: 6X(i,[4]") = 1 < edge €X; has edge-configuration v;

OS], BTGk, ™) € [0,1] K € [1, e = TonyUlsny, v € BT 65T (b, 1]™) = 1 (resp., 51 (k, ]™) =
1) < edge eCTtail(k)J (resp., eTChead(k)yj) for some j € [1,¢r] has edge-configuration ~;

- 5§C7Fc(c, [y € [0,1],¢ € [1,ic],y € TSF: 56050(0, [Y]") = 1 < edge °F.; for some i € [1,tp] has edge-

configuration -y;

- 6eTCFT(i, [y € [0,1],4 € [1,t1],v € feTCF 6eTC7FT(z', [Y]") = 1 & edge e¥;; for some j € [1,tp] has edge-

configuration ~;

- deg&T (k), degtC(k) € [0,4],k € [1,kc]: degc)(v) of an end-vertex v € Vr of the edge (’Uctail(k),v) € Ecr
(resp., (v,v%ead()) € Erc) if any;

- deg$¥(c) €10,4],c € [1,tc): degc)(v) of an end-vertex v € Vr of the edge (v©.,v) € Ecp if any;

- degtt (i) € [0,4],3 € [1,tr): degc)(v) of an end-vertex v € Vr of the edge (vT;,v) € Bty if any;

- ASH(), AS (i), € [0,4]i € [ke + 1,me], AL(), AL(0) € [0,4],i € [2,t1], ALF(), AL (i) € [0,4],i €
2,tp]: AXF(i) = AX (i) = 0 (resp., AXF (i) = degcy(u) and AX~ (i) = degcy(v)) < edge eXi = (u,v) € Ex
is used in (C) (resp., eX; € E((C)));

- Ae?cT+(k)7 AgcT_(k) € [074]7 ke [17 kd = I(ZQ)UI(El): AeCcT—i—(k) = ASCT_(k) =0 (resp., A&T—F(k) = deg(C)(“’)
and AT (k) = degcy(v)) & edge e“Tiaitr)j = (u,v) € Ecr for some j € [1,t7] is used in (C) (resp.,
otherwise);

- AL (k), AL (k) € 0,4], k € [1,kc] = I(39) U I>1): Analogous with AT (k) and AT (k);

ec

- AL (), AL (e) € [0,4], ¢ € [Ltc]: AGFH(e) = AT (¢) = 0 (vesp., AGF* (¢) = degygy (u) and AGF ™ (c) =
degc)(v)) < edge eCY.; = (u,v) € Ecr for some j € [1,tp] is used in (C) (resp., otherwise);

- ATFH(0), ATF=(3) € [0,4],4 € [1,t7]: Analogous with ASF*(c) and ASF=(c);

constraints:
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(k! ;) =y €l

>

v=(ad,bd’,m

Yo ecc(hW™ = >

i€lkc+1,mc]

(o’ ym) =y €L

§ : eCT 1nt

(popt! sm)=yelnt

§ : ecF mt

v €M™\ T,
v e ™\ TL,
v € ™\ TE,
v e\ TgT,
v € ™M\ TLE,
v e D™\ TS,
ye ™\ 0¥,

85 (i,m),

Z5ﬁzm

26[2 tT]

Zéﬂzm

(u,uﬂm):vel“i‘“ i€[2,tF]
Z ecor([y]™) Z 5

(st ym)=~€int ke[l,kc]
Z ecrc([ mt Z 5

(ot ym)=ry€Tint ke[l,kc]
Z eccor(] mt Z 5

(0 ;m) =€t ce[1,tc]

Z eCTF([7]int) = Z 5Z’F(C7 m),

[(a, b, m)[™ - 553, [7]™) =

)ETS.

AT@+ Y

v=(ad,u’,m)€TS,

AS (i) + >

y=(p,bd,m)€TS

d - ce(i, [H]™)

d - 0e(i, [1]™)

cEltc+1,cr]

R A A e

vel'S,

= deg®(tail(i)),

= deg®(head(i)),

ALH(@) + AC ( ) < 8(1 —e(3),

>, 8

i€ [kc-i-l,WLc]

) = eco(I™),
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m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],

m € [1,3],

€ [];'\64—1 mc]
v eTg,

(80)

(81)



Z [(avb,m)]int . (S;FC(i, [,y}int) = Z [V]int . 5{};(7;’ []/]int)7
y=(ad,bd’,m)el'L, vel'l,
ATFG) + > d6L(E ™) = deg™(i - 1),
y=(ad,u’ ;m)el’L,
AL+ Y d-oLi ™) = deg® (i),
v=(p,bd,;m)ETE,
AT+( )—i—AT ( ) < 8(1 —eT(i))7
> 0kl ™) = ecen(l]™),

16[2 tT}

> labm)™ ol b™) = 3 MG ™),
v=(ad,bd’,m)€T'{, verk,
ARG+ Y e ah (™) = deg"(i - 1),
v=(ad,u’ ;m)€TE,
Al (@) + Y d-G(i,[b]™) = deg" (3, 0),
y=(p,bd,m)el'E,
At )+AF ( ) < 8(1- "),
> 00, ™) = ecr (™),

16[2 tF]

deg" (i) +4(1 — x " (i, k) + e (i) > degf" (k),

deg " (k) > deg™ (i) — 4(1 — X" (i, k) + " (0)),

> labm)™-slo(k by ]mt) > W st (k ™),
y=(ad,bd’,m)el'ST vel’gr

AT (k) + > d- 08Nk [9)™) = degC(tail(k)),
7:(ad7“/?m)€fcccT
AR+ YD d ook ™) = deg§T(R),
v=(p,bd,m)eTST

AT (k) + Ag ™ (k) < 8(1 =8y (K)),
> Ok, ™) = ecor (™),

ke[l,kc]
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€ [1,tT],

k € [1 k:c]
v eI,



deg" (i) +4(1 — X" (i, k) + €' (i + 1)) > degt (),

degtC(k) > deg™ (i) — 4(1 — xT(i, k) + €T (i + 1)),
Yoo labm)™ - oke(k M) = > 60 (ks ™),
~v=(ad,bd’,m)eI'LC vefTe

AE®RY + Y d ik ™) = degtC(k),
y=(ad,u’ ,;m)el'LC

AL (k) + Z d - Soncs(k, [v]™) = deg®(head(k)),
'Y:(vadzm)efg:c
ATCH (k) + ATC*(k) < 8(1— 4y (k)),

> Sk, [y]™) = ecte(I]™),

ke(l,kc)
deg" (i) +4(1 — X" (i, ¢) + €"'(§)) = degf" (),
degi" (¢) = deg" (i) — 4(1 — X" (i, ¢) + " (3)),
Y labm))odiele, ™) = Y M -6 (e ™),
v=(ad,bd’,m)el'CF vel'CF

AT O+ > d-58a(e, [1]™) = deg®(o),

y=(ad,pu’ ;m)€TSF

Y A6, ™) = degfT (o),

7:(/‘»bd7m)€fch
AGF () + ACF*( ) < 8(1—dy(c)),
Z 5ec ,c\¢ mt = eCCF([’V]int)a

cell, tc}

AT (c) +

deg" (j) +4(1 = X" (j,i + tc) + € (j)) > degg" (i),

degp" (i) > deg" (j) — 4(1 — x" (j, i + tc) + €"(4)),

> lab,m)™ ol (i, ™) = Y WM 6T M),
y=(ad,bd’,m)el'LF vel'TF

AL + > d- 556 ™) = degT (4),

v=(ad,u/ ;m)eTLF

Z d- 6ec T(. [ ]mt) = degEF(i),
y=(p,bd,m)el’LF

ATF+(j) 4 ATF=(; ) < 8(1— 68 (i +tc)),
> ook (i, Y™ = ecrr([y]™),

Age (1) +

i€([1,t7]
Z (ecx ([7]™) + ecx ([F]™)) = ec™ ([y]™),
XG{C,T,F,CT,TC,CF,TF}
> ecx ([1]™) = ec™([y]™),

Xe{C,T,F,CT,TC,CF,TF}
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i € [17tT]a

k€ [1,kcl,
= FTC

ec

1€ [1,tp],

c € [1,tq],
’yGFeC,

j € [l,tp],

iE[l tT]
vel‘ec,

int
eI'>,

int

yel'Z.

(85)

(86)

(87)



4.11 Constraints for Normalization of Feature Vectors

By introducing a tolerance £ > 0 in the conversion between integers and reals, we include the following con-

straints for normalizing of a feature vector f(C) = (x1,z2,...,2K):

(1= &)z — min(depy; Dy))
max(dcep;; D) — min(dep;; Dy )

(1 + ¢e)(x; — min(dep;; D))

<7< ,
=T max(dcp;; D) — min(dep;; Dy )

i€l,K]. (89)

An example of a tolerance is e = 1 x 1075,
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